
Individual Finals A

1. Let f : Z>0 → Z>0 be a function which satisfies k|fk(x)− x for all k, x ∈ Z>0 and f(x)− x ≤
2023. If f(1) = 2000, what can f be?

Remark: Here, fk(x) denotes the k-fold application of f to x.

2. Anna and Bob play the following game. In the beginning, Bob writes down the numbers
1, 2, . . . , 2022 on a piece of paper, such that half of the numbers are on the left and half on
the right. Furthermore, we assume that the 1011 numbers on both sides are written in some
order.

After Bob does this, Anna has the opportunity to swap the positions of the two numbers lying
on different sides of the paper if they have different parity. Anna wins if, after finitely many
moves, all odd numbers end up on the left, in increasing order, and all even ones end up on
the right, in increasing order. Can Bob write down a arrangement of numbers for which Anna
cannot win?

For example, Bob could write down numbers in the following way:

4, 2, 5, 7, 9, . . . , 2021 3, 1, 6, 8, 10, . . . , 2022

Then Anna could swap the numbers 1, 4 and then swap 2, 3 to win. However, if Anna swapped
the pairs 3, 4 and 1, 2, the resulting numbers on the left and on the right would not be in
increasing order, and hence Anna would not win.

3. Let n be a positive integer. We call a n-tuple (a1, . . . , an) of positive integers nice if

• gcd(a1, . . . , an) = 1, and

• ai|ai−1 + ai+1, for all i = 1, . . . , n (we define a0 = an and an+1 = a1 here).

Find the maximal possible value of the sum a1 + · · ·+ an if (a1, . . . , an) is a nice n-tuple.
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