
1.1 [5] A cylinder has radius 6 and height 12. An equilateral triangle is inscribed in both bases of
the cylinder, then a triangular prism is removed from the cylinder by drilling perpendicular to
the bases through the image of the equilateral triangles. If the surface area of the new figure
can be expressed as aπ+b

√
c for integers a, b, and c (where c is divisible by no perfect squares)

then find a+ b+ c.

1.2 [5] Michael takes a base 8 integer and adds up all of its digits, obtaining a sum in base 8. He
does the same for this sum and repeats this process until he is left with one digit. Michael
does this for each integer from 08 to 778 inclusive, getting a digit each time. Treating each
digit as a base 10 integer, the average of all the digits can be expressed as m

n , where m and n
are positive integers and gcd(m,n) = 1. What is m+ n?

1.3 [5] For all integers n > 1, what is the least possible number of positive factors of n5+n4+2n3−1?

2.1 [7] The base of a square pyramid is divided into a 2-by-2 grid. In how many ways can the 4
congruent square sections of the base and the 4 triangular faces be painted either orange or
black, up to rotational symmetry?

2.2 [7] Charlie’s graduating class has 10 homerooms each of size 16, into which students are randomly
assigned. At graduation, the homerooms are randomly numbered and the students in the first
homeroom are called alphabetically, followed by the second homeroom, etc. If Charlie is 54th
overall in her class alphabetically, find the expected number of students to get called before
her.

2.3 [7] Let S be the set of all quadratic polynomials of the form P (x) = x2 + bx + 2 where b is a
positive integer and P has real roots. For any polynomial P , let s(P ) be the sum of the squares
of P ’s roots. If

∑
P∈S

1
s(P ) = m

n , where m and n are positive integers with gcd(m,n) = 1, find

m+ n.

Calculus 1. [5] The polynomial f(x) = x3 + ax2 + bx+ c has f(3) = f(5) and f ′(3) = f ′(5). What
is a+ b?

Estimation 1. [7] In an effort to make the sport more exciting, there are now only two professional
basketball teams: the Princeton Township Ligers and the Princeton Junction Tigons. During
the season, the two teams play each other 200 games in a row. Both teams finish the season
with 100 wins, and at no point in the season had the Tigons lost more games than they had
won. If there are M possible sequences of game results that could lead to such an outcome,
find log2M .

Give your answer as an integer or a decimal. If A is your answer and C is the correct answer,
your score will be

⌊
7.5 · (0.95)|A−C|

⌋
.

Miscellaneous 1. [9] Define F (n) =
1

n

n∑
i=1

σ(i)

i
where n ∈ N and σ(k) is the sum of the positive

divisors of k. If R is the least real number such that F (n) ≤ R for all n ∈ N, find the integer
closest to 6R.



4.1 [9] Let P (x) =
n∑
k=0

akx
k be a non-constant polynomial. Furthermore, P satisfies the following

conditions:

• The coefficients a0, . . . , an are all integers.

• If x is a nonnegative integer, then P (x) is positive and composite.

Find the minimum possible value of the sum of the squares of P ’s coefficients.

4.2 [9] A 4-digit number is what-it-is if, when it is written as ABCD, the two-digit integers AB and
CD both divide ABCD. (Note: a two-digit integer may not have leading zeroes.) What is the
sum of all what-it-is numbers?

4.3 [9] The polynomials P1(x) = 4x5 − 311x4 − 704x3 − 1255x2 − 1964x − 2880 and P2(x) =
4x5−279x4−632x3−1127x2−1764x−2592 have four roots in common. If P1(s) = P2(t) = 0
and P1(t) and P2(s) are both nonzero, find s+ t.

5.1 [12] A positive integer N > 1 is unhappy if there is no permutation σ of the integers {1, 2, ..., N}
for which

σ(1)

2n−1
+

1

2

n∑
k=2

σ(k)

2n−k

is an integer for each 2 ≤ n ≤ N . Find the sum of all the unhappy numbers.

5.2 [12] Kapil the Kingly, Casimir the Conjurer, and Zack the Zombie all stand in clockwise order
on the perimeter of a circular hockey rink with radius 10 meters. The central angle between
Kapil and Casimir is 30◦ and the central angle between Casimir and Zack is 130◦. Kapil smacks
a hockey puck in a certain direction, and the puck bounces against the edge of the rink without
losing velocity. Kapil aims his shot so that it takes the minimal number of bounces to reach
both Casimir and Zack. If the total number of meters traveled by the puck when it has reached
the final person is a sin(b◦), where a and b are positive integers and 0 ≤ b < 90, find a+ b.

(Note: the puck bounces off of the rink according to the rule “angle of incidence equals angle
of reflection” with respect to the tangent line.)

5.3 [12] There exists a (possibly not unique) n ∈ N such that the equation

2x2 + (yz)5 + 22xyz + n = 0

has a maximal number of solutions (x, y, z) ∈ Z3, where yz > 0. Find this maximal number
of solutions.



Calculus 2. [9] Two unit spheres are centered at the points (0, 0, 0) and (0, 0, 1) in 3-dimensional
space. The volume of the region inside of both spheres can be written in the form pπ

q where p

and q are positive integers with gcd(p, q) = 1. Find p+ q.

Estimation 2. [12] An integer greater than 1 is called stupendous if it in its prime factorization
pa11 p

a2
2 · · · pann , the exponent ak is odd for exactly one value of k in {1, 2, . . . , n}.

What is the 2017th stupendous number?

You must give a positive integer for your answer. If A is your answer and C is the correct
answer, your score will be b13.5(min(A

C ,
C
A ))2c − 1.

Miscellaneous 2. [15] A scientist discovers an ant colony’s tunnel system and reports the following
findings.

• The tunnel system begins with a single tunnel descending one foot from the surface.

• At each foot below the surface, every tunnel either terminates or splits into 4 tunnels that
descend another foot.

• There are 16 distinct ways to descend through the tunnel system to a dead end.

In accordance with the scientist’s report, how many possible tunnel systems are there?

(Note: we consider the left-to-right order of the tunnels as important but do not distinguish the
tunnel systems on any other geometric properties. Two distinct examples are shown above.)

7.1 [15] Call distinct nonzero real numbers x and y disparate if they, as well as 1
x and 1

y , differ by

an integer. Call the ordered pair (x, y) separated if x and y are disparate. Find the number of

separated pairs that are no further than
√

2016
2017 units away from the origin.

7.2 [15] An ordered pair (m,n) of positive integers is called gutsy it satisfies the following properties:

• m,n ≤ 2017

• n 6= 1

• There exists a real sequence {xi}ni=1 for which |xi| = 1 for every i and

x1x2 + x2x3 + · · ·+ xn−1xn + xnx1 = m.

How many gutsy ordered pairs are there?

7.3 [15] Points E and F lie on sides AC and AB (respectively) of4ABC so that EF ‖ BC. Suppose
there is a point P on the circumcircle of 4ABC such that ∠BPE = ∠CPF = 90◦. Given that
AB = 13, BC = 14, and CA = 15, the distance from P to line EF can be written in the form
p
q where p and q are positive integers with gcd(p, q) = 1. Find p+ q.



8.1 [18] At PUMaC Airlines, tickets do not come with assigned seats, but the passengers are given
a fixed boarding order. The plane has 40 rows and an aisle down the middle, so each person
chooses a row with an available seat and then goes to the left or the right, sliding all the way
down. (e.g., the first person to board must choose a window seat.) If each row has three seats
to the left and three seats to the right, and the flight is sold out, then there are N different
ways that the plane can be boarded. Find the greatest integer k such that 2k divides N .

8.2 [18] Let

N = 1

√
243 + 3

√
2187 + 9

√
19683 . . ..

If N = a+b
√
c

d where a, b, c, d are integers, c is squarefree, c and d are positive, and gcd(a, b, d) =
1, then what is a+ b+ c+ d?

8.3 [18] The value of √√√√( ∞∑
n=0

n sin(n)

2n

)2

+

( ∞∑
n=0

n cos(n)

2n

)2

can be written in the form a
b+c cos(1)+d sin(1) where a, b, c, and d are relatively prime integers

and b is positive. Find a2 + b2 + c2 + d2.

(Note: in the original version of this problem, the square root was omitted erroneously, causing
the problem to have no solution.)

Calculus 3. [15] The value of ∫ 2π

0

cosh(cos(θ)) cos(sin(θ))

3
dθ

can be written in the form pπ
q where p and q are relatively prime integers and q is positive.

Find p+ q.

Estimation 3. [18] How many ways are there to partition the integers {1, 2, . . . , 19, 20} into ten
disjoint unordered pairs such that the sum of each pair is prime?

You must give a positive integer for your answer. If A is your answer and C is the correct
answer, your score will be b19.5(min(A

C ,
C
A ))0.5c − 1.

Miscellaneous 3. [20] Aaron the Ant is taking a random walk on the coordinate plane starting at
the origin. Every second, he has a 1/3 probability of moving left 2 units, a 1/3 probability
of moving down 1 unit, and a 1/3 probability of moving right 1 unit and up 2 units. Let the
expected value of the square of his distance from the origin after 30 seconds be E. If E = m

n
where m and n are positive integers with gcd(m,n) = 1, then what is m+ n?


